
BE/APh 161: Physical Biology of the Cell, Winter 2019
Homework #4

Due at the start of lecture, 2:30 PM, February 6, 2019.

The first three problems of this homework are all related. They deal with a single
experiment involving unfolding an RNA hairpin using optical tweezers. Interesting,
all three problems related to this experiment can be solved using the machinery of
statistical mechanics, some with two-state models, that we have been working on in
class.

Problem 4.1 (Unfolding an RNA hairpin by pulling, 30 pts).
In a paper in 2001, Liphardt and coworkers (Liphardt, et al., Science, 292, 733–737,
2001) investigated the energetics of the base pairing in an RNA hairpin by mechan-
ically pulling the hairpin apart. The setup of the experiment is shown in Figure 1.
The ends of an RNA hairpin are tethered to two beads. One bead is held on the end
of a pipette through suction. The other bead is held in an optical trap that enables
the researcher to move the bead and exert and measure force. The experiment was
done at room temperature.

state system in an external field at finite tem-
perature (solid line). From this analysis, P5ab’s
unfolding free energy (!G ) is 193 " 6 kJ
mol# 1 (12 , 15 ). A second, independent, mea-
sure of P5ab’s !G is the average area under the
reversible folding/unfolding plateau, which
equals the potential of mean force of folding
and yields a !G of 157 " 20 kJ mol# 1. After
correction for the free energy reduction of the
unfolded state due to tethering (calculated to be
44 " 10 kJ mol# 1) (12 ), these values compare
well with the predicted !G of unfolding
untethered P5ab calculated with the mfold free
energy–minimization method (!Gsigmoid $
149 " 16; !G%area& $ 113 " 30; !Gmfold $ 147
kJ mol# 1) (12 , 16 ).

Several force-extension traces showed the
molecule’s extension jumping between two val-
ues when the force was within ' 1 pN of the
unfolding plateau (Fig. 2A, left inset). We in-
vestigated this bi-stability by imposing a con-
stant force on the molecule with feedback-sta-
bilized optical tweezers capable of maintaining
a preset force within " 0.05 pN by moving the
beads closer or further apart. Then, the end-to-
end distance of the P5ab hairpin hopped back
and forth by ' 18 nm, signaling the repeated
folding and unfolding of a single RNA mole-
cule. As in the pulling experiments, transitions
between the two states were unresolvably fast
(( 10 ms) and without intermediates. By in-
creasing the pre-set force, it was possible to tilt
the foldedNunfolded equilibrium toward the
unfolded state and thus directly to control the
thermodynamics and kinetics of RNA folding
in real time (Fig. 2C). As the force was in-
creased, the molecule spent more time in the
extended open form and less time in the short
folded form.

Whether hopping can be observed with a
particular type of RNA depends on the time
resolution of the instrument, its drift rate, and
the kinetic barrier to folding/unfolding as de-
termined by the potential energy surface of
the molecule (12 ). In the instrument we used,
hopping could be observed for rates between
approximately 0.05 Hz and 20 Hz.

A ratio of the average lifetimes of the mol-
ecule in the two states yields the equilibrium
constant K(F) for folding/unfolding at that force
(Fig. 2D). Linear extrapolation of K(F) to zero
force, and correction for free energy reduction
due to tethering (as above), yields a !G of
156 " 8 kJ mol# 1, which coincides with the
!G values obtained from stretching and the

predicted value. Therefore, three different
methods of measuring P5ab’s unfolding !G
give similar results: (i) the fit to the distribution
of opening forces, (ii) the average area under
the folding/unfolding plateau, and (iii) the ratio
of folded and unfolded lifetimes.

The sensitivity of RNA hopping to exter-
nal force is determined by the force-depen-
dent length difference between the unfolded
and folded forms, !x(F). In particular, an
expression analogous to the van’t Hoff for-
mula holds: d ln K (F)/dF $ !x(F)/kBT (17 ).
Indeed, the slope of the ln K versus F plot
(Fig. 2D) multiplied by kBT is 23 " 4 nm, and
the !x(F1/2) value thus obtained is within
experimental error of the value from the

Fig. 1. (A) Sequence and secondary structure of
the P5ab, P5abc!A, and P5abc RNAs. The five
green dots represent magnesium ions that form
bonds (green lines) with groups in the P5c helix
and the A-rich bulge (3). (B) RNA molecules
were attached between two 2-)m beads with
' 500–base pair RNA:DNA hybrid handles.

Fig. 2. (A) Force-extension curves of the RNA-DNA handles without an insert (red) and with the
P5ab RNA (black) in 10 mM Mg2* . Stretching and relaxing curves are superimposed. Inset, detail
of force-extension trace showing hopping. Right inset, force-extension curves for the RNA hairpin
without Mg2* . (B) Probability of opening versus force in Mg2* was obtained by summing a
normalized histogram of hairpins opened versus force. Data are from 36 consecutive pulls of one
molecule. Solid line, probability p(E) of a two-state system: p(E) $ 1 (1 * eE/kBT). Best-fit (least
squares) values, !G(F1/2)$ 193 " 6 kJ mol# 1, !x$ 22 " 1 nm (12). (C) Length versus time traces
of the RNA hairpin at various constant forces in 10 mM Mg2* . (D) The logarithm of the equilibrium
constant in Mg2* plotted as a function of force (error bar$ 1 SD). (E) Detail of the stretching (blue)
and relaxing (green) force-extension curves of the P5abc!A molecule taken at low and high loading
rates in 10 mM Mg2* .
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Figure 1: Schematic of the experimental setup for the pulling experiment of
Liphardt and coworkers. Top, the setup for the optical trap. Bottom, detail
of RNA hairpin and tethers. Figures taken from Liphardt, et al., Science, 292,
733–737, 2001.

The RNA hairpin they tested is P5ab, taken from a Tetrahymena thermophila ri-
bozyme, which consists of approximately 22 base pairs. Its sequence is
ACAGCCGUUCAGUACCAAGUCUCAGGGGAAACUUUGAGAUGGGGUGCUGACGGACA,
in case you are interested in investigating it further, for example with NUPACK.
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In Fig. 2, I show a typical force-extension curve from the experiment in black. In
red is a force-extension curve of the DNA tethers alone, without the RNA hairpin.
So, the first part of the force-extension curve involves pulling out the fluctuations in
the DNA tethers (see Problem 4.3). We see that at about 14 or 15 pN, the extension
suddenly jumps. This corresponds to the unfolding of the hairpin.
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Fig. 2. (A) Force-extension curves of the RNA-DNA handles without an insert (red) and with the
P5ab RNA (black) in 10 mM Mg2* . Stretching and relaxing curves are superimposed. Inset, detail
of force-extension trace showing hopping. Right inset, force-extension curves for the RNA hairpin
without Mg2* . (B) Probability of opening versus force in Mg2* was obtained by summing a
normalized histogram of hairpins opened versus force. Data are from 36 consecutive pulls of one
molecule. Solid line, probability p(E) of a two-state system: p(E) $ 1 (1 * eE/kBT). Best-fit (least
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Figure 2: Main plot, black: trace of pulling an RNA hairpin. Main plot, red:
trace of pulling DNA tethers alone, without an RNA hairpin. Upper left inset:
Detail of folding and unfolding events of the hairpin. Lower right inset: A sim-
ilar trace with different solvent conditions. Figure taken from Liphardt, et al.,
Science, 292, 733–737, 2001.

a) Provide an order-of-magnitude estimate of what you think the force should be
to unfold the hairpin as a sanity check of the experiment. A useful number to
have in your head: an RNA base pair has an energy of about 1.6 kcal/mol.

b) We will now consider a two-state model for hairpin formation, where we have
a hairpin state, “h,” and an unfolded state, “u.” Derive an expression for
ph(F), the probability that the RNA strand is in a hairpin configuration, as a
function of the applied force F, and the displacement Δx, the difference in
the distance between the ends of the sequence of interest in the hairpin state
versus the unfolded state. Hint: The force and the displacement of the ends
of the hairpin are thermodynamic conjugate variables.

c) Byholding the beads in the optical trap at a constant force, Liphardt and cowork-
ers could observe many folding and unfolding events. They could then com-
pute the amount of time the RNA strand was in the hairpin state versus un-
folded state. You can download these data for various pulling forces here. Per-
form a regression to obtain the difference in energy between the hairpin and
unfolded state.

Problem 4.2 (Calibrating an optical trap, based on problem 6.2 of PBoC2, 20 pts).
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In Problem 4.1, we mentioned that an optical trap was used to hold a bead in place
and exert a force to unfold an RNA hairpin. In this problem, we will explore how we
might calibrate the trap to enable determination of force. Specifically, we know the
center of the trap, since we can aim the optics, and we know the center of the bead,
since we can measure it through imaging. Knowing these two things, we would like
to compute the force.

We define the energy of the bead in the trap as E(x), where x is the displacement
of the bead from the center of the trap. The force exerted by the trap on the bead, is

f = −∂E
∂x . (4.1)

In general, E(x) can be a complicated function of x, but if x is small, we might ap-
proximate E(x) as its truncated Taylor series expansion about x = 0, where the E(x)
is minimal.

E(x) = E0 +
kx2

2
+O(x3), (4.2)

where k is called the trap stiffness and is formally given by

k =
d2E
dx2

∣∣∣∣
x=0

. (4.3)

So, the force is f = −kx for small displacements. Thus, if we know k, we can deter-
mine the force from the center of the trap and the position of the bead, the difference
of which gives x.

To calibrate the trap, we will let a bead sit in the trap and rattle around due to
thermal motion. We will take many many images to get a set of values for x. Show
that if we average the square of these displacements, we can get an estimate for the
trap stiffness using

k =
kBT
⟨x2⟩

. (4.4)

Hint: Define p(x) as the probability that the bead shows displacement x at equi-
librium. Then,

⟨x2⟩ =
∑

x
x2p(x) =

∫
dx

m(x) x2p(x), (4.5)

where m(x) is the density of states. This is necessary to convert the sum into an
integral. We will assume that m(x) = m0, a constant, meaning that the density of
states is uniform in x. You might also want to look up Gaussian integrals to help you
evaluate the definite integral you will encounter.
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Problem 4.3 (Pulling DNA using a two-state model, 30 pts).
Later in the class, we will delve into polymer physics. In this problem, we will dip
our toe in those waters using a two-state model.

We saw in Problem4.1 that the early portion of the force extension curve involved
pulling the DNA tethers until they were taught. We will develop a model to describe
pulling a single segment of double-stranded DNA. We model the DNA polymer as
a 1-D random walk, as described on page 341 of PBoC2. It consists of N segments,
each of length a. Each segment can either point right or left. We stretch the DNA
segment by holding the ends and pulling with a total force f. We take each segment
to be independent of the others. We will ignore end effects and consider the end
segments to be the same as all others.

a) Write a states and weights diagram for a single segment of the polymer. Hint:
Remember our discussion in lecture about deriving the statistical weights for
generic thermodynamic potentials. The force should enter into your weights.

b) From your states and weights diagram, derive the probability that a given seg-
ment points to the right.

c) Wewant to find the probability that the end-to-end distance of aDNAsegment
under a force f is L. It is easier to note that L = (2Nr − N)a, where Nr is the
number of segments that point to the right, and then find the probability of
observing Nr. Write an expression for P(Nr). Your expression from part (b)
will be useful, and the binomial theorem may be useful as well.

d) Show that

⟨L⟩ = 1
Z

∂Z
∂(βf) , (4.6)

whereZ is the partition function that appears in the denominator ofP(Nr) that
you derived in part (c). Compute ⟨L⟩.

e) Compute the magnitude of the fluctuations in L. I.e., compute the variance
σ 2

L = ⟨L2⟩ − ⟨L⟩2. How does the ratio σ L/⟨L⟩ depend on N?

Problem 4.4 (Data collapse of ion channel data, 20 pts).
In lecture, we saw data collapse of popen versus acetylcholine concentration for the
nicotinic acetylcholine receptor ion channel. In the previous lecture, we derived an
expression for popen for the mechanosensitive ion channel Mscl. There, we plotted
popen versus applied pressure from an experiment in the paper by Perozo, et al. In that
work, the authors reconstituted the ion channels in phosphatidylcholines of different
acyl chain length. We only looked at 18:1 dioleoyl-phosphatidylcholine (PC18), but
the authors also made measurements with 16:1 (PC16) and 20:1 (PC20).

4

https://doi.org/10.1038/nsb827


a) Write the expression for popen in the form

popen =
1

1 + e−βF , (4.7)

where F is the Bohr parameter. That is, write down the expression for F.

b) Use data I digitized from the paper, which you can download here, to perform
regressions to get estimates for the parameters in you expression for popen.

c) Use these parameters to compute F for each acyl chain length and plot popen
versus F for each on the same plot to demonstrate data collapse.
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